ABSTRACT: Approximate solution of the ensemble representability problem for density operators of arbitrary order is obtained. This solution is closely related to the "Q condition" of A. J. Coleman. The representability conditions are formulated in orbital representation and are easy for computer implementation. They are tested numerically on the base of CI calculation of simple atomic and molecular systems.
1.Introduction
In the last decade a number of Post HF methods of high precision have been developed [1] . It is unlikely, however, that in the nearest future these methods in their present form have any chance to be applied for electronic structure calculations of extensive molecular and crystalline systems. Instead much more simple DFT methods [2] based on the work of Kohn [3] are becoming the main tool for calculations of such systems.
There exists an alternative approach in density functional theory which progress had been restricted by serious mathematical problems connected with the so-called representability property of 2-electron density. After the famous theorem of Coleman [4] who solved the representability problem for 1-density operators, there appeared a number of papers with attempts to generalize Coleman's result to treat q-density operators (for q ≥ 2) [5, 6, 7, 8, 9, 10] . These attempts, however, did not end in results of practical importance. It even became accepted that the problem is far too complicated to find any applications for electronic structure calculations.
In present work the necessary conditions for Fermion representability closely related to the Q condition of Coleman [11, 12] are obtained. Some relevant calculations of small atomic and molecular systems are discussed.
An alternative approach to approximate treament of the representability problem is developed in [13] (and references therein).
2.Contraction Operator
Let F 1 be one-electron Fock space spanned by an orthonormal set (ψ i ) of molecular spin-orbitals. Electronic Fock space is defined as
where
"Determinant" basis vectors of the Fock space are conveniently labelled by finite subsets of N 1 : for any finite R ⊂ N the corresponding basis determinant will be denoted by |R .
Creation-annihilation operators associated with spin-orbital index i are defined by the following relations
and ǫ = |{1, 2, . . . , i − 1} ∩ R|
is the sign counter. Creation-annihilation operators obey standard anticommutation relations:
Let us introduce step-up and step-down (super)operators acting on the operator space F ⊗ F * : u ij : z → a † i za j (8a)
where z is an arbitrary operator over F . If z ∈ F r ⊗ F * s then u ij (z) ∈ F r+1 ⊗ F * s+1 and d ij (z) ∈ F r−1 ⊗ F * s−1 . The operator space F ⊗ F * may be equipped with inner product
It is clear that step-up and step-down operators are mutually conjugate with respect to this inner product.
Now we can define the contraction and expansion operators as
There exist several useful relations involving contraction and creationannihilation operators that can be easily verified by induction:
It can be shown [14] that
The definition and properties of the set-theoretical operation ∆ are collected in Appendix A.
Comparing traces of z p and c k (z p ), we come to the following relation
In particular,
where |∅ is the vacuum vector. Note that the combinatorial prefactors in Eqs. (14)- (15) depend on the number of electons the operator under contraction corresponds to. Let us consider the electronic Hamiltonian of the form
which is obviously a particle number concerving operator: HF p ⊂ F p for any p = 0, 1, 2, . . . The energy functional corresponding to p-electron system is defined as E(z p ) = (H|z p ) (17) and is a linear mapping from F p ⊗ F * p to C. In the particular case of pure p-electron state z p = |Ψ Ψ| Eq. (17) reduces to the standard average energy expression. Using specific form of electronic Hamiltonian, it is possible to contract the energy domain and redefine energy in terms of 2-electron operators. Indeed, for arbitrary p-electron operator z p
Introducing reduced Hamiltonian
we can rewrite the energy expression (17) in the form
The unknown operator on the right-hand side of this equation is 2-electron one with the unit trace. Therefore, if we were interested in the energy functionals on F p ⊗ F * p we could easily redefine them on F 2 ⊗ F * 2 . Unfortunately, the actual situation is much more complicated. Indeed, physically relevant are the so-called density operators that are distinguished from general linear operators by the following three properties:
(i) Positive semidefinitness; (ii) Hermiteancy; (iii) Unit trace. The set of all p-electron density operators will be denoted by E p . The set E p may be characterized both analytically and parametrically. Indeed, axioms (i)-(iii) give us analytic description of E p in terms of linear equalities and inequalities. On the other hand, it is not difficult to recognize that E p is a convex hull of the so-called pure states:
and Ψ i ∈ F p . It can be easily verified also that
The set
is a proper subset of E p−k and is called the set of p-representable density operators of order p-k. Unfortunately, in general case the structure of these sete seems to be so complicated that numerous attempts to find their constructive description have not lead to practically useful results. Taking some inner point of W p,k , we can try to construct certain functions that determine the distance from a fixed inner point of W p,k to its border ∂W p,k along some chosen direction. For the case of finite dimensions there exists natural central point of convex sets E k and W p,k (normalized identity operator):
where N is the set of spin-orbital indices, |N| = n, and the energy functional may be rewritten in terms of 2-electron density operators as
where ε(t 2 ) determines the distance from w 2 to ∂W p,2 along the direction t 2 − w 2 .
Outer and Inner Approximations for the Convex Set of Representable Density Operators.
First of all let us analyze one of two cases where the ensemble representability problem admits constructive solution. To this end it is convenient to introduce a new basis in the operator space that differs from the basis of the determinant generators by the phase multipliers [14] :
where I ∩ J = ∅. From this definition and Eq.(13) it readily follows that
Over the finite-dimensional electronic Fock space there exists an involution defined as
Its restriction to the p-electron section of Fock space is an isomorphic mapping from F p to F n−p and
With each vector |Ψ ∈ F p a semilinear functional Ψ| : F p → C is associated and
where Ψ|I n−p is a composition of mappings F n−p
where z is an arbitrary p-electron operator. It is immediately clear that I n−p,p is an isomorphic mapping of F p ⊗F * p onto F n−p ⊗F * n−p . Simple manipulations lead to the conclusion that
The effect of I n−p,p on basis operators (29) is given by
Note that the sign prefactor on the right-hand side of Eq.(35) depends on the index set I ∪ J but not on its cardinal number. Let us introduce certain symmetric combinations of q-electron basis operators:
where I ∩ J = ∅, |I| = |J| = s, L ⊂ N\(I ∪ J), |L| = p − s, and P q−s (L) stands for the set of all (q − s)−subsets of (p − s)− set L.
We can rewrite Eq.(29) in the form
Let us suppose that p + q = n. In this case the contraction operator is an isomorphic mapping [14] which means that the set of vectors (36) is a basis set of the q-electron operator space. We can therefore define nondegenerate linear operator in the following manner:
Comparing Eqs. (35), (37),and(38) immediately leads to the conclusion that
and, consequently,
It seems pertinent to note that operator satisfying Eq. (40) is not unique. We can as well take any composition of A(n, p, q) with operator leaving the set E q invariant. For example, the transposition
possesses this property and we can use τ • A(n, p, q) instead of A(n, p, q). In contrast to the operator A(n, p, q) the operator τ • A(n, p, q) is conveniently block-diagonal:
where A IJ (n, p, q) is the restriction of A(n, p, q) on the subspace of p-electron operator space spanned by the basis operators (28) with fixed I, J.
After complicated combinatorial manipulations (closely related to the famous inclusion-exclusion principle) the explicit matrix representation of the operator τ • A(n, p, q) can be obtained
(43) Unless otherwise stated, by an abuse of notation, we will use the symbol A(n, p, q) for the operator defined by Eq.(43).
Thus, in the case p + q = n the convex set W p,q can be explicitly characterized in several equivalent ways:
as the pre-image of E q with respect to A(n, p, q)
as the set of solutions of the system
as a convex body with the distance function
where Φ ∈ F q and Sp(t) = 1. Let us try to generalize the approach described to handle the case p + q < n. The first idea coming to mind is to use the operator defined by Eq.(43) in general case. This operator is nondegenerate for n ≥ p ≥ q, p + q ≤ n (see Appendix B). It can be shown as well that
(see Appendix C). From this inclusion and positive definiteness of the reduced density operators it readily follows that the convex set
is an outer approximation for W p,q . Simple combinatorial manipulations lead to the conclusion that A(n, p, q)w q = w q that is V p,q , W p,q , and E q share the same central point. Thus, we have constructed the compact convex set that may serve as a certain outer approximation for the set W p,q and coincide with W p.q in the particular case p + q = n. It is not difficult to demonstrate, however, that in the case q = 1 this set differs from W p,1 . The reason is the unitary noninvariance of A(n, p, q).
It is well-known that the contraction operator is invariant with respect to the induced unitary transformations of the type
that is
Taking into account obvious unitary invariance of the set E k , we can conclude that
for any u ∈ U n (F 1 ). Direct calculations show that to restore the desired unitary invariance of V p,1 it is sufficient to modify the phase prefactors in definition (43)(see Appendix D).
Let us introduce the phase transformation
It leaves invariant the sets E k and, consequently, we can replace the operator A(n, p, q) by ν • A(n, p, q). Matrix representation of the last operator differs from Eq.(43) only by the sign prefactor that should be taken equal to (−1) |(I∪J)∩∆ (I∪J ) | . Hereafter, only the operator ν • A(n, p, q) will be under consideration and, by an abuse of notation, we will use for it the same symbol A(n, p, q).
In the particular case q = 1 we have
Using the unitary invariance of A(n, p, 1) we can state that t 1 ∈ V p,1 if and only if u † t 1 u ∈ V p,1 where u is the unitary transformation diagonalizing density operator t 1 .But for diagonal t 1 , with the aid if Eq.(50a), we can obtain the equivalence
that immediately implies V p,1 = W p,1 (consequence of the famous Coleman's theorem [4] ).
For the cases q=1 and q=2 it is possible to give more invariant definition of the operator A(n,p,q). We have
and
where I is the one-electron identity operator and in Eq.(53) t 1 = 1 2 ct 2 is 2 → 1 contracion of t 2 . The operator (53) is very similar but not identical to Coleman's operator Q [11, 12] .
Direct but somewhat tedious combinatorial calculations lead to the important commutation relation of the operator A(n, p, q) with the contraction operator:
A(n, p, q − 1)c = cA(n, p, q)
Now we can state that the convex sets V p,q giving an outer approximations for the sets W p,q possess the following properties
These sets may be explicitely described in several equivalent ways: as the intersection of E q with its pre-image with respect to A(n, p, q)(see Eq. (46)) as the set of solutions of the system
where Φ ∈ F q ; as a convex body with the distance function
where Φ ∈ F q and Sp(t q ) = 1. It is clear that t q ∈ ∂V p,q if and only if ε(t q ) = 1. In the particular case of pure p-electron determinant state |R R| the spectra of t q (see Eq. (37)) and A(n, p, q)t q (see Eq.(C.3)) are
There exists much more general form of the last statement. Namely contraction t q (Ψ) of arbitrary p-electron pure state |Ψ Ψ| belongs to ∂V p,q ∩ ∂W p,q if the minimal eigenvalue of t q (Ψ) is equal to zero.
Eqs. (38)- (40) show also one of possible ways to get some inner approximation for the set W p,q . Indeed, let us consider q-electron operators
where X ⊂ N, |X| = p + q.For such vectors we have
Let us consider the convex set
It is clear that Q p,q ⊂ W p,q and that
where (p+q) X⊂N λ X = 1, λ X ≥ 0, and t q (X) ∈ E q (X). It is easy to show that
that is the central point w q belongs to Q p,q . It is clear as well that the contraction of any pure determinant p-electron generator |R R| lies in Q p,q . It is to be noted that the outer approximation obtained is characterized in terms of q−electron quantities whereas the description of the inner one requires very large convex combinations with number of terms determined by the binomials involving the number of electrons in the system. It seems to be a general rule valid for any approximations.
Density Operators in Orbital Representation
Let (ϕ i ) be an orthonormal set of m orbitals. Following Handy [15] we identify p-electron determinants generated by these MOs, with pairs of index sets (strings):
where R α = 1 < i 1 < . . . < i pα < m, R β = 1 < j 1 < . . . < j p β < m, and p α + p β = p. The action of the contraction operator on the split determinant generators may be written as
Split basis operators analogous to ones defined by Eq.(28) are
The operator A(2m, p, q) acts on the basis vectors (68) as
where M is the orbital index set (|M| = m, N = M ⊔ M), s = |I α | + |I β | = |J α | + |J β |, and
Note that the first terms on the right-hand side of Eqs. (69) and (72) are determined by the initial spin orbital index set ordering and its current form corresponds to the split determinant representation (64), where α indices always go first. Let us consider p-electron states with a given value of the total spin projection M S . The set of all such states is generated by the determinants (64) with fixed |R α | = p α , |R β | = p β , since, by assumption, p α + p β = p, and p α −p β = 2M S . Contraction of an arbitrary determinant generator p−2 times may lead to nonzero result only if |R α ∩ R β | + |S α ∩ S β | ≥ p − 2 which means that on the 2-electron level there may appear only three types of generators:
As a result, of interest are block-diagonal 2-electron density operators of the form 
Reduced Hamiltonian in the orbital representation is
are the unitary group generators. Standard but somewhat tedious algebraic manipulations lead to the following general energy expression 
Using either general definition (71) or invariant operator (53), the action of A(2m, p, 2) on arbitrary 2-density of the form (74) may be calculated: 
In Eqs.(86) t α and t β are spin components of 1-density.
Numerical Tests
The quality of outer approximation for W p,2 obtained in Sec.3 may be tested in the following manner. With the aid of CI or CASSCF method one can obtained p-electron wavefunction expansion over determinant basis set
and then contract the pure p-electron state |Ψ Ψ| to get the components of the 2-density operator with subsequent employing Eq.(56a) to get ε(t 2 (Ψ)) makes the problem of energy E(t 2 , ε(t 2 )) evaluation trivial. It is pertinent to note that Eqs. (84), (85),and (89) imply that fixing projecton of the total spin of the initial wavefunction leads to the following restrictions on the traces of components of 2-density operators
without dependence on the actual representation of the p-electron wavefunction.
To get some impression about the quality of the obtained outer approximation for W p,2 we wrote algorithms for contracting CI expansion of |Ψ Ψ| to get density operators t α , t β ,and t αβ and their images with respect to A(2m, p, 2). Using these algorithms in parallel with GAMESS program set [16] , we performed calculations of CI wavefunctions for ground and excited states of small atomic and molecular systems to get for each state the distance function ε(t 2 (Ψ)) (see Eqs.(56b)) value to estimate its proximity to the unit and to compare the energies calculated with Eqs.(27) and (80) with the CI energies. The results of these calculations are listed in Tables 1 and 2 . In atomic calculations cc pvDZ basis set of Dunning [17] was employed. For lithium, berrilium, and boron FCI calculations were carried out, whereas for carbon and nitrogen 1s AO, and for oxygen 1s, 2s AOs were excluded from the active spaces to keep the sizes of CI expansions reasonable for running GAMESS on PC. In the case of molecules cc pvDZ basis and FCI were used for calculation of LiH, and 6-31G Gaussian basis set [18, 19] with frozen 1s AO for CH 2 , and 1s, 2s AOs for NH 2 ,H 2 O, and NH 3 was employed. As seen from Tables 1 and 2 , the outer approximation for W p,2 given by the convex set V p,2 proved to be surprisingly good and the difference between CI energies and energies corresponding to 2-density operator w 2 +ε(t 2 (Ψ))[t 2 −w 2 ] ∈ V p,2 is just negligible. It is to be noted that the contraction procedure based on Eqs.(89a)-(89c) may lead to serious roundoff errors in matrix elements of 2-density operators, especially when CI expansion is large. As a result, diagonalization of 2-density operator may give small negative values for its lowest eigenvalues in spite of the fact that operator t 2 (Ψ) for any Ψ is manifestly nonnegative. For this reason in Tables 1 and 2 the absolute values of ε(t 2 ) deviation from the unit are given. Of interest is also the fact that for atoms and high symmetry linear molecules the distance from the central point w 2 to the border of V p,2 is determined by the lowest eigenvalue of the relevant density operator whereas for low symmetry molecules this distance is determined by the lowest eigenvalue of the operator A(2m, p, 2)t 2 .
The energy expression (80) may be essentially simplified by turning to a new basis set in the 2-electron section of the Fock space. Indeed, let us consider basis set of eigenvectors of three matrices (for readers liking rigorous mathematics it is pertinent to recall that
In this basis arbitrary 2-density operator is of the form } are the eigenvalues and eigenvectors of the matrices (92a), (92b), and (92c), correspondingly.
Replacing t 2 by A(2m, 2m−p, 2)d 2 leads to new somewhat unusual energy expression: It very easy to find energy minimal points separately on sets E 2 and A −1 (2m, p, 2)E 2 . Indeed, energy as a functional on E 2 reaches its minimal value at the following ensemble of 2-electron states:
The analogous expression may be obtained for the case of the set A −1 (2m, p, 2)E 2 as the energy domain. Minimal energy values on sets E 2 and A −1 (2m, p, 2)E 2 are far too low in compare with the CI energies. Nevertheless, such calculations are useful for qualitative understanding of structure of the set V p,2 that is shown schematically on Fig.1 .
There exist very simple representable 2-densities that can be considered belonging to a certain zero point level theory. Indeed, besides HF diagonal densities
|i; j i; j| (97) it is easy to contsruct representable densities in the following manner. Taking α and β index sets X α and X β containing p α + 1 and p β + 1 elements, correspondingly, we can find the minimal value of the energy in d -representation for the case when the number of spin-orbitals is equal to p+2. As follows from the results of Sec.3 of this work, W p,2 (X α , X β ) = V p,2 (X α , X β ) in this particular case and
where |Ψ αβ 1 is the eigenfunction of the operator obtained by differentiating the energy E(d(X α , X β )) in d-representation with respect to the variables d αβ i,j;k,l with i, k ∈ X α and j, l ∈ X β (note that in the corresponding energy expression we should replace 2m by p + 2). Density operators of the type of Eq.(98) are certainly representable and, moreover, belong to the border of W p,2 since minimal eigenvalues of both t 2 (X α , X β ) and its image with respect to A(2m, p, 2) are equal to zero. Of course, such 2-densities correspond to rather trivial p-electron CI wave functions but of interest is the fact that they appear on 2-electron level as simplest post HF representable densities . Note also that in the case under consideration both the CI matrix and the relevant derivatives matrix are of the same order (p α + 1)(p β + 1) and, consequently, CI problem and direct 2-density determination problem are equivalent from the viewpoint of computational efforts.
Conclusion
The outer approximation for the set of all representable density operators of arbitrary order described in this work is expected to be very close to the exact solution of the ensemble representability problem. However, only on the base of 2-density direct calculations it will be possible to estimate the practical importance of the approximation obtained.
Algorithms for such calculations are still to be developed. In contrast to the standard approaches where the electronic energy domain turns out to be one of classic analytic manifolds (unit sphere, orthogonal group and its quotients, etc) that can be easily parametrized by, say, elements of relevant tangent spaces [20] , the convex set V p,2 is of much more complicated nature. Energy optimization on V p,2 reduces to finding minimal value of very simple linear function with very severe nonlinear and in general nondifferentiabe restrictions on variables. It may be a very complicated computational problem but if such optimization scheme is developed, there may be opened a way to FCI quality calculation of fairly extensive molecular systems.
Appendix A.
Let N = {1, 2, . . . , n} be the spin-orbital index set. On the set P(N) of all subsets of N let us consider the operation
where R, S ∈ P(N). This operation endows P(N) with Abelian group structure with empty set as its unit. Each element of this group is of order 2 (R∆R = ∅). The mapping
where K ⊂ N and
is a group homomorphism. Indeed, ∆ ∅ = ∅ and (
Directly from the definition of operation ∆ the following relations important for phase prefactors evaluation may be obtained
Appendix C.
Lemma.
A(n, p, q)W p,q ⊂ E q (C.1)
Proof. It is sufficient to show that A(n, p, q) The operator on the right-hand side of this equation is obviously positive definite. To complete the proof, we should check the normalization property that can be easily established by direct calculation. 
